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PRIMITIVE RECURSIVE FUNCTIONS CH. IX

amine this in more detail, let us write the pair of equations

{ ?(0) =g,

?(V') = 1, 2(»)),

'ss the definition of a function o(y) by induction on y, where ¢
1 natural number, and y(y, z) is a given number-theoretic function
rariables,

for example, the value ¢(4) is detetmined thus. To generate 4,
rate successively O, 1, 2, 3, 4. By the first equation, the value
1 be the given number ¢; then by the second equation, the value
I be %(0, ¢(0)), i.e. (using the value ¢(0) already found) ¥(0, g),

ince x(y, 2) is a given function) is a given number; again the value .

Ibe (1, ¢(1)), i.e. x(1, x(0, ¢)); the value ¢(3) shall be %(2, ¢(2)),
x(1, x(0, ¢))); and finally the value ¢(4) shall be x(3, ¢(3)), i.e.
x(1, x(0, g))))- ,

ve have a process by which, to each natural number ¥, on the
the generation of v in the natural number sequence, a corre-
'number ¢(y) is determined. Since a number @(y) is thus associat-
1, for each y, a particular number-theoretic function ¢ is defined
s¢ numbers ¢(y) as its respective values.

mnction ¢ satisfies the equations (1), when (1) are considered as

Ul equations in an unknown function ¢, since every particular
comprised in (1) (namely, ¢(0)=g, ¢(0")=x(0, #(9)), o(1)=
» «..) is satisfied in the course of selecting the successive num-
b (1), 9(2), .... Also this o is the only function satisfying
\ctional equations, since the process by which we determined the
e numbers ¢(0), ¢(1), ¢(2), ... from the equations (1) can be
ed as showing that any function ¢ satisfying the equations must
values selected.
er definitions by induction, the function ¢ defined depends on
1 variables x,,. . ., x,, called paramelers, which have fixed values
ut the induction on y.

LE 1. Consider intuitively the equations
a+0 =a,
Loty (a+by,
+ encountered in the formal symbolism as Axioms 18 and 19.
ine the function a+b by induction on b, with 4 as parameter,
a previously known function. Then the equations
a0 =0,
{ ab’' = (a-b)+a

KLEENE & Motemebunnts,

§43 PRIMITIVE RECURSIVE FUNCTIONS 219

define a-b by induction on b, with a+-b as a known function; and

at=],
ab' — ab.a ]
define 4 by induction on b, with @b as a known function.

An example of a definition of a predicate by induction will be given
later (Example 2 § 45). ‘ )

What number-theoretic functions are definable by induction? To make
this question precise, we must specify what functions are to be taken
as known initially, and what operations, including what forms of definition
by induction, are to be allowed in defining further functions.

We shall now select the specifications with a view to obtaining functions
definable by induction in an elementary manner. These functions will be
called ‘primitive recursive’.

Each of the following equations and systems of equations (I)—(V)
defines a number-theoretic function @, when » and m are positive integers,
% is an integer such that 1 < 7 < #, ¢ is a natural number, and P Y1 o e
Xms X are given number-theoretic functions of the indicated numbers o

f "BAs s 4

/N /%

'variables. ;'/ .‘:‘;\‘;" Batomss X7 T X4l.(

@€ . ' (.& o(x) = . g =9 (s )
{ID) Py - -, %) = q. } t 4ot "
AL L 2) = 2y G s ppacal ittty l;Mi._’ZzM;?f :
'{IV) e E) = O K)o Yl e, ) Compon YA
. (0) = s : i bt gz TN,
; (V) o) Z L o0n. DR

e a8 op ga

(Vb) { @(O, xz»- LR xn) = ‘p(xzn- MR ] xn)n

T defoss P&
oLy <
(Y, %y, . . .,x,‘) = x5, o(y, %,. . ., Xn), Xay. .., x,,)i <¢ ;Y“M&.,éﬁf

:{(Va) constitutes the case of (V) for n =1, and (Vb) for n > 1.) Tnob. 2zt

A function is primitive recursive, if it is definable by a series of ap-
plications of these five operations of definition, :

This definition can be given in more detail, ahalogously to the def-
inition of provable formula for the formal system (§ 19), say using the
second version, as follows.

We refer to the above equations and equation pairs (I)—(V) as sche-
mata. They are analogous to the postulates, with (I)—(III) in the role of
axiom schemata (or more strictly, (I) to a particilar axiom), and (IV) and
(V) in the role of rules of inference.

A function ¢ is called an initial function, if ¢ satisfies Equation (D),

96
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This will be an ordered list of problems, tasks,
-—— toward the construction of an initial TSQ for TM. |
167.24-.34 :
l, m, n are 32 bit random numbers |
u, v, X, y, z are variables |
":" separates examples.

cond means "conditions for this problem”
”

definitions,

"," separates data within an examp

‘=5

le.

imp means is implied by these conditions” !

n=n e.g. 3=3, 7=7 ‘ L

cond x=n imp n=x : -

" [n and "] " are "metasymbols" ( T guasy 3 W»‘f T 2+m] te ba y Mvdcnty(w“ et

l+m=[1+m] e.g. 4+45=9 --- learning Addition ' : A

[l4m]=1+m e.g. 9=4+5 --- Equality Commutes

cond x=y imp y=x Equality Commutes i |

l4+m=[m+1] Addition Commutes l ;

x+y=y+x Addition Commutes | i

X+m=m+x . Addition Commutes ! '

1+ (m+n)=(1l4+m)+n Addition is Associative

cond x=m imp x+n=m+n --- if equals are added to equals the sums are equal.

cond x=y, u=v imp x+u=y+v --—- as in previous example : P

l-m=[1-m] learning Subtraction : :

m-m=0 meaning of Zero '

x-x=0 |

cond x=m imp x-n=m-n -- if equals subtracted from equals, remainders are equal
| |
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